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a b s t r a c t
In this paper, the simplest equation method has been used for finding the exact solutions
of three nonlinear evolution equations, namely the Vakhnenko–Parkes equation, the
generalized regularized long wave equation and the symmetric regularized long wave
equation. All three of these equations arise in fluids science, so finding their exact solutions
is of great importance.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The research area of nonlinear partial differential equations has been very active for the past few decades. There are
many kinds of nonlinear equations that appear in various areas of physical and mathematical sciences. Much effort has
been made in the construction of exact solutions of nonlinear equations because of their important role in the study of
nonlinear physical phenomena [1–3]. Nonlinear wave phenomena appear in various scientific and engineering fields, such
as fluid mechanics, plasma physics, optimal fibres, biology, oceanology, solid state physics, chemical physics and geometry.
In recent years several powerful and efficient methods have been developed for finding analytic solutions of nonlinear
equations. These methods include the inverse scattering transform method, the Hirota bilinear method, the tanh-function
method, the extended tanh-function method [2,4–6], the sine–cosine method [7,8], and the ( G
′
G )-expansion method [9].
In this paper we obtain exact solutions of three nonlinear evolution equations, which arise in fluids science. These
equations are the Vakhnenko–Parkes equation (VPE), the generalized regularized long wave equation (RLWE) and the
symmetric regularized long wave equation (SRLWE). The simplest equation method will be employed to find the exact
solutions. The simplest equation method was developed by Kudryashov [10–12] on the basis of a procedure analogous to
the first step of the test for the Painlevé property [13].
The paper is organized as follows. In Section 2, we recall the methodology for solving nonlinear evolution equations
using the Riccati equation as the simplest equation. We apply this methodology and obtain exact solutions of the
Vakhnenko–Parkes equation, the generalized regularized long wave equation and the symmetric regularized long wave
equation in Section 3. Finally, the concluding remarks are presented in Section 4.
✩ The paper has been evaluated according to the old Aims and Scope of the journal.∗ Corresponding author at: Department of Mathematics, University of Mazandaran, Babolsar, Iran. Tel.: +98 9112113567.
E-mail addresses: jafari@umz.ac.ir, jafari_h@math.com (H. Jafari).
0898-1221/$ – see front matter© 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2012.04.004
H. Jafari et al. / Computers and Mathematics with Applications 64 (2012) 2084–2088 2085
2. A description of the simplest equation method
2.1. The simplest equation method
We consider a partial differential equation and we assume that by means of an appropriate transformation this partial
differential equation is transformed to a nonlinear ordinary differential equation in the form
P(u, u′, u′′, u′′′, . . .) = 0. (1)
Exact solutions of the above ordinary differential equation can be constructed as finite series:
u(ξ) =
M
i=0
Ai(G(ξ))i, (2)
where G(ξ) is a solution of some ordinary differential equation referred to as the simplest equation, and A0, A1, A2, . . . , AM
are parameters to be determined.
In this paper we use the Riccati equation, as the simplest equation. This equation is a well-known nonlinear ordinary
differential equation, which processes exact solutions in the form of elementary functions. The Riccati equation that we use
is
G′(ξ) = c G(ξ)+ d G(ξ)2, (3)
where c and d are constants. The solutions of Eq. (3) are
G(ξ) = c exp [c(ξ + ξ0)]
1− d exp [c(ξ + ξ0)] (4)
for the case where d < 0, c > 0, and
G(ξ) = − c exp [c(ξ + ξ0)]
1+ d exp [c(ξ + ξ0)] (5)
for the case where d > 0, c < 0. In both cases ξ0 is a constant of integration.
Note that the simplest equation used should have two properties. Firstly, the order of simplest equation should be less
than the order of Eq. (1) and secondly, we should know the general solution of the simplest equation or at least exact
analytical particular solution(s) of the simplest equation.
2.2. The balance equation
One of the main steps in using the simplest equation method is to determine the positive number M in the (2). The
positive numberM can be determined by considering the homogeneous balance between the highest order derivatives and
nonlinear terms appearing in the Eq. (1).
3. Applications of the simplest equation method
In this section, we will employ the simplest equation method and obtain exact solutions of three nonlinear evolution
equations, namely, the Vakhnenko–Parkes equation, the generalized regularized long wave equation and the symmetric
regularized long wave equation.
3.1. The Vakhnenko–Parkes (VP) equation
In this subsection we consider the Vakhnenko–Parkes equation [14]
uuxxt − uxuxt + u2ut = 0, (6)
which is completely integrable by the inverse scattering method [15,16]. The exp-function, ( G
′
G )-expansion, and Hirota and
Backlund transformation methods have been used to construct exact solutions of (6). Here we want to use the simplest
equation method to obtain the exact solution of this equation. Under the transformation ξ = kx+ wt , Eq. (6) becomes
k2wuu′′′ − k2wu′u′′ + wu2u′ = 0. (7)
On integrating equation (7) with respect to ξ , we obtain
3k2uu′′ − 3k2(u′)2 + u3 = 0. (8)
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Here we have chosen the integration constant to be zero. The balancing procedure yields M = 2; therefore the solution of
Eq. (6) can be expressed as
u(ξ) =
2
i=0
Ai(G(ξ))i, (9)
whereG(ξ) satisfies the Riccati equation andA0, A1, A2 are parameters to be determined. Substituting (9) into (8) andmaking
use of the Riccati equation (3), and then equating all coefficients of the functions Gi to zero, we obtain
A0 = 0, A1 = −6cdk2, A2 = −6d2k2. (10)
Therefore, when d < 0 and c > 0 the solution of Eq. (6) is given by
u1(ξ) = −6c2k2

d exp [c(ξ + ξ0)]
1− d exp [c(ξ + ξ0)] +
1
2
2
− 1
4

(11)
and when d > 0 and c < 0 the solution of (6) is
u2(ξ) = −6c2k2

d exp [c(ξ + ξ0)]
1+ d exp [c(ξ + ξ0)] −
1
2
2
− 1
4

. (12)
3.2. The generalized regularized long wave equation
In this subsection we consider the generalized regularized long wave equation [17,18]
ut + ux + a(u2)x − buxxt = 0, (13)
where a and b are positive constants, which is amathematical model for small amplitude longwaves on the surface of water
in a channel. Assuming ξ = kx+ wt , Eq. (13) reduces to
(w + k)u′ + ak(u2)′ − bk2wu′′′ = 0. (14)
Integration of equation (14) with respect to ξ and choosing the integration constant to be zero, we obtain
(w + k)u+ aku2 − bk2wu′′ = 0. (15)
The balancing procedure givesM = 2; therefore the solution of Eq. (13) can be written in the form
u(ξ) =
2
i=0
Ai(G(ξ))i. (16)
3.2.1. Solution of the RLW equation when d < 0 and c > 0
If d < 0 and c > 0, substituting (16) into (15) and making use of (4), and then equating all coefficients of the functions
Gi to zero, one obtains two sets of values for A0, A1 and A2:
Case 1 : A0 = bc
2kw2
a
, A1 = 6bcdkw
2
a
, A2 = 6bd
2kw2
a
(17)
Case 2 : A0 = 0, A1 = 6bcdkw
2
a
, A2 = 6bd
2kw2
a
. (18)
Therefore, when d < 0 and c > 0 the solution of Eq. (13) for Case 1 is given by
u1(ξ) = bc
2kw2
a

6

d exp [c(ξ + ξ0)]
1− d exp [c(ξ + ξ0)] +
1
2
2
− 1
2

(19)
and the solution of Eq. (13) for Case 2 is given by
u2(ξ) = bc
2kw2
a

6

d exp [c(ξ + ξ0)]
1− d exp [c(ξ + ξ0)] +
1
2
2
− 3
2

. (20)
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3.2.2. Solution of the RLW equation when d > 0 and c < 0
If d > 0 and c < 0 we again arrive at two set of values for A0, A1 and A2:
Case 1 : A0 = bc
2kw2
a
, A1 = 6bcdkw
2
a
, A2 = 6bd
2kw2
a
(21)
Case 2 : A0 = 0, A1 = 6bcdkw
2
a
, A2 = 6bd
2kw2
a
. (22)
Therefore, when d > 0 and c < 0 the solution of Eq. (13) for Case 1 is
u1(ξ) = bc
2kw2
a

6

d exp [c(ξ + ξ0)]
1+ d exp [c(ξ + ξ0)] −
1
2
2
− 1
2

(23)
and the solution of Eq. (13) for Case 2 (22) is
u2(ξ) = bc
2kw2
a

6

d exp [c(ξ + ξ0)]
1+ d exp [c(ξ + ξ0)] −
1
2
2
− 3
2

. (24)
3.3. The symmetric regularized long wave equation
Finally, in this subsection we consider the symmetric regularized long wave equation
utt + uxx + uuxt + uxut + uxxtt = 0, (25)
which arises in several physical applications including ion sound waves in plasma.
Under the transformation ξ = kx+ wt , Eq. (25) becomes
(w2 + k2)u′′ + kwuu′′ + kw(u′)2 + k2w2u(4) = 0. (26)
Integrating equation (26) once with respect to ξ and setting the integration constant as zero yields
(w2 + k2)u′ + kwuu′ + k2w2u′′′ = 0. (27)
The balancing procedure givesM = 2, and so the solution of Eq. (25) can be expressed as
u(ξ) =
2
i=0
Ai(G(ξ))i. (28)
Substituting (28) into (27) and making use of the Riccati equation, and then equating all coefficients of the functions Gi to
zero, we obtain
A0 = −k
2 − w2 − c2k2w2
kw
, A1 = −12cdkw, A2 = −12d2kw. (29)
Therefore, when d < 0 and c > 0 the solution of Eq. (25) is given by
u1(ξ) = −k
2 + w2
kw
− 12c2kw

d exp [c(ξ + ξ0)]
1− d exp [c(ξ + ξ0)] +
1
2
2
− 1
6

(30)
and when d > 0 and c < 0 the solution of Eq. (25) is given by
u2(ξ) = −k
2 + w2
kw
− 12c2kw

d exp [c(ξ + ξ0)]
1+ d exp [c(ξ + ξ0)] −
1
2
2
− 1
6

. (31)
4. Concluding remarks
In this paper, the simplest equation method has been successfully used to obtain exact solutions of three nonlinear
evolution equations, namely the Vakhnenko–Parkes equation, the generalized regularized long wave equation and the
symmetric regularized longwave equation. The Riccati equation has been used as the simplest equation. The exact solutions
obtained should be very useful in various areas of applied mathematics. Also, we have verified that the solutions that we
have found are indeed solutions to the original nonlinear evolution equations.
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